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BIHARMONIC MAPS AND MORPHISMS FROM 
CONFORMAL MAPPINGS 
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;— i ' Abstract. Inspired by the all-important conformal invariance of 

harmonic maps on two-dimensional domains, this article studies 
the relationship between biharmonicity and conformality. We first 
give a characterization of biharmonic morphisms, analogues of har- 
monic morphisms investigated by Fuglede and Ishihara, which, in 
particular, explicits the conditions required for a conformal map 
in dimension four to preserve biharmonicity and helps producing 
the first example of a biharmonic morphism which is not a special 
type of harmonic morphism. Then, we compute the bitension field 
of horizontally weakly conformal maps, which include conformal 
mappings. This leads to several examples of proper (i.e. non- 
harmonic) biharmonic conformal maps, in which dimension four 

^. , plays a pivotal role. We also construct a family of Riemannian 

OQ , submersions which are proper biharmonic maps. 

in 

1. Introduction 

00 

q I A central feature of harmonic maps is their conformal invariance 

in dimension two. Not only this allows defining harmonic maps on 
Riemann surfaces but it also is the starting point to many properties 
of minimal branched immersions. 

In the higher-order theory of biharmonic maps, one could expect 
similar properties in dimension four. While this dimension certainly 
enjoys a special role for biharmonicity, as illustrated by the confor- 
mal deformation of harmonic maps of [3], the study of the biharmonic 
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2 E. LOUBEAU AND Y.-L. OU* 

stress-energy tensor or the characterization of biharmonic morphisms of 
Section [3j no conformal invariance of any sort has ever been observed. 

Nevertheless, the interaction between conformality and biharmonic- 
ity remains a rich subject and provides an interesting source of new 
examples. 

In the theory of harmonic maps, a particularly fruitful approach 
has been to consider maps which preserve local harmonic functions, 
called harmonic morphisms, because their characterization as horizon- 
tally weakly conformal (a generalization of Riemannian submersions) 
harmonic maps confers them a more geometrical flavour, which coun- 
terweighs the analytical nature of harmonic maps ( [Till [13]). 

Their numerous geometrical properties have earned harmonic mor- 
phisms a choice place among harmonic maps. The counterparts of 
these are biharmonic morphisms (see p2]), maps which pull back local 
biharmonic functions onto biharmonic functions (and also, as it turns 
out, maps) and we characterize them as horizontally weakly confor- 
mal biharmonic maps which are 4-harmonic and satisfy an additional 
equation, whose significance remains largely enigmatic. 

While the number of conditions is directly due to the order of the 
problem, the appearance of 4-harmonicity is yet another clue to the 
specificity of dimension four. 

This characterization also solves one aspect of the original question 
on the conformal invariance of biharmonic maps on four dimensional 
domains, since two extra conditions are required. 



2. p-HARMONICITY and biharmonicity 

At the origin of this work, lie the search and study of maps selected 
as extremals of a measured quantity and the most natural class of 
functionals on the space of maps between Riemannian manifolds is the 
p-energies. 

Definition 1. Let <p : (M,g) —>■ (N,h) be a smooth map between 
Riemannian manifolds and assume (M, g) compact then, for p G R 
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(p > 1), its p-energy is 

I/' 



EM = I / |#p 



ty 



The critical points of -E p are called p-harmonic maps and simply /jar- 
monic maps for p = 2. 

Standard arguments yield the associated Euler-Lagrange equation, the 
vanishing of the p-tension field: 

r p (0) = |#r 4 [|d0| 2 r(0) + ^#(grad|#| 2 )] = 0, 

where 

r(</>) = trace Vd<f) 

is the tension field. 

Remark 1. i) A fundamental feature of p-harmonicity for p ^ 2, is the 
collapse of ellipticity at critical points and its negative consequences for 
regularity properties (cf. p2]). For P — 2, smoothness of continuous 
harmonic maps is ensured by boot-strap methods and strong unique- 
ness, for example, follows. 

ii) The main existence result for p-harmonic maps (p > 2) is due to 
Duzaar and Fuchs in [8] and generalizes the Eells-Sampson theorem, 
iii) Working directly with the functional, one sees that, if p = dimM, 
E p is conformally invariant, a situation that seems more natural since, 
when the target has trivial p-th homotopy group, p-harmonic maps 
exist in each homotopy class (|15j). 

While harmonic maps have been extensively studied and shown to 
exist in numerous circumstances (cf. [D]), in some situations they can- 
not exist or are very limited. It is therefore interesting to turn to an 
alternative measuring the default of harmonicity. 

Definition 2. Let <fi : {M,g) -^ (N,h) be a smooth map between 
compact Riemannian manifolds. Define its bienergy as 

E\<P) = \! \r{<P)\ 2 v 9 . 



'M 

-2 



Critical points of the functional E are called biharmonic maps and its 
associated Euler-Lagrange equation is the vanishing of the bitension 
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field 

r 2 ((f)) = -A r(0) -tmce g R N (d(f),T((j)))d(j), 

where A^ = — trace^V^V^ — Vy) is the Laplacian on sections of 
<f)~ l TN and R N the Riemann curvature operator on (N, h). 

Remark 2. i) Clearly harmonic maps are automatically biharmonic, 
actually absolute minimums of E 2 . For compact domains and nega- 
tively curved targets, the converse holds ([II]). 

ii) An alternative to E 2 is to view (N, h) isometrically immersed in M N 
and, considering as a vector, take the L 2 -norm of A0 and call the 
critical points (extrinsic) biharmonic maps. Except for flat targets, the 
two definitions are distinct. The regularity of both types of biharmonic 
maps has been extensively studied in [6], [191 1201 [21] . 
iii) If M is non compact, we extend all these definitions by integrating 
over compact subsets. 

A natural generalization of isometric immersions are weakly confor- 
mal maps, i.e. whose differential either vanishes or is injective and 
conformal. Of particular interest is their harmonicity since it charac- 
terizes minimality of the image and defines minimal branched immer- 
sions. They also explain the conformal invariance of harmonic maps 
on surfaces, directly at the level of the tension field. 

Dual to this notion is horizontal weak conformality where, point- 
wise, the differential is required to vanish or be surjective and con- 
formal. This reverses the constraint on the dimensions and enables a 
preservation of harmonicity in higher dimensions. 

Definition 3. Let <fi : (M m ,g) — > (N n ,h) be a smooth map between 
Riemannian manifolds. For any point x G M, let V x = kerd<j) x be 
the vertical space at x and 7i x = (V x ) the horizontal space at x. 
These spaces define a vertical and a horizontal distribution. The map 
<f> is called horizontal weakly conformal if for any point x G M either 
d<p x = or d(p x is surjective and conformal from 7i x to T^ X )N, i.e. 

h(d<f) x (X),dMY)) = X 2 (x)g(X,Y), 
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for all X, Y e T~C X and the function A is called the dilation of <p. 

For a vector X e TM, X n and X v will denote the horizontal and 

vertical parts of X. Points where d<p x ^ are called regular. 

Remark 3. i) If m < n, then </> is horizontally weakly conformal if and 
only if it is constant. 

ii) By extending the function A by zero over critical points, we obtain 
a smooth function A 2 defined on the whole of M. Besides \dcj)\ 2 = n\ 2 . 
iii) Harmonic morphisms, i.e. maps which preserve local harmonic 
functions by composition on the right-hand side, were characterized by 
Fuglede and Ishihara, as horizontally weakly conformal harmonic maps 



Conventions: We will systematically use the Einstein convention on 

summing repeated indices. 

Our convention for the Riemann curvature tensor will be 

R(X,Y) = \y x ,V Y ]-V[x,Y], 

and the Laplacian on functions has been chosen with negative eigen- 
values, i.e. A/ = trace Vdf but on vector fields AX = —trace V 2 X. 

3. The characterization of biharmonic morphisms 

In this section, we give an improvement of the characterization of 
biharmonic morphisms and show that the inversion in the unit sphere 
R n \ {0} — » R™ is a biharmonic morphism if and only if n — 4, thus 
providing an example which, unlike any of the previously known ones, 
is not a harmonic morphism. 

In light of the theory of harmonic morphisms, cf. the monograph [I], 
it only seemed natural to define and study their biharmonic counter- 
parts. 

Definition 4. A continuous map : (M, g) — > (N, h) is a biharmonic 
morphism if, for any biharmonic function / : U C N — > R, such that 
(f)- l (U) ^ 0, the pull-back function f o <f> : <p~ l {U) C M -»• R is also 
biharmonic. 



6 E. LOUBEAU AND Y.-L. OU* 

Remark 4. i) Clearly constant maps and isometries are biharmonic 
morphisms and the composition of two biharmonic morphisms is again 
a biharmonic morphism. 

ii) Since harmonic functions are automatically biharmonic, a bihar- 
monic morphism will pull-back harmonic functions onto biharmonic 
ones, but not necessarily harmonic. Likewise, there is no reason to 
believe that a harmonic morphism should be a biharmonic morphism. 
This distinction is clarified by Theorem Q] (see also [IE]). Nevertheless, 
all the previously known examples of biharmonic morphisms came from 
special types of harmonic morphisms (J16l [171 US]), 
iii) The existence of local harmonic coordinates on Riemannian man- 
ifolds ([7]), implies that in such a coordinate system, the components 
of a biharmonic morphism are continuous biharmonic functions, hence 
smooth by standard properties of elliptic partial differential equations. 
Therefore a biharmonic morphism is always smooth. 

The geometric method used by Ishihara in [13] to characterize har- 
monic morphisms as horizontally weakly conformal harmonic maps, 
and co-opted for the semi- Riemannian case in [TT] by Fuglede (who 
had his own approach for Riemannian metrics) is extended here to 
biharmonicity. As one should expect, four conditions are needed to 
describe biharmonic morphisms, with the last one still very much un- 
fathomable. 

Theorem 1. Let <p : (M m ,g) — > (N n ,h) be a smooth map between 
Riemannian manifolds. Then <p is a biharmonic morphism if and only 
if it is a horizontally weakly conformal biharmonic A-harmonic map, of 
dilation A, such that 

(1) |r(0)| 4 - 2AA 2 |r(0)| 2 + 4AA 2 div (#, r(0)> + n(AA 2 ) 2 

+ 2(^,r(0))(V|r(0)| 2 ) + |5| 2 = O, 

where S 6 Q 2 <f)~ 1 TN is the symmetrization of the g-trace of d(f> <S> 
V*r(0) and (d<f>, r(0))(X) = (#(X), r(0)). 

Proof. Let <fi : (M m ,g) —* (N n ,h) be a smooth map between Rie- 
mannian manifolds, then the statement of Theorem [1] is that is a 
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biharmonic morphism if and only if 



(2) 
(3) 
(4) 
(5) 



h{d(j)(X), d<f>(Y)) = \ 2 g(X, Y), VX, Y eH; 
- A'VO) - trace R N (d(j), r(0))# = 0; 
A 2 r(» + d0gradA 2 = 0; 
|r(0)| 4 - 2AA 2 |r(0)| 2 + 4AA 2 div (d<f), r(0)) + n{AX 
+ 2<#,t(0))(V|t(0)| 2 ) + |S| 2 = O. 



2\2 



Equip the manifold {M,g) with harmonic coordinates {x l )i<^i^ m cen- 
tered at the point p and (N,h) with harmonic coordinates (y a )i^ a ^ n 
around the point </>(p). 
Let /:[/ciV-^Rbea local function on N, then 



(6) 
A 2 (/o0) = 

d 3 f 
dy a dyPdy^ 
d 2 ^ 



d*f 



dy a dyPdy~<dy 5 
d 2 ^ d<$P d(j> 



9 lJ 9 kl 
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d 
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dx k dx l dx % dxi dx^dx k dx l ' dx 1 dx l dxWx k dx l 



dx 1 ' dx l dxi dx 1 dx k 



+ 



Plugging carefully chosen local biharmonic test functions, as given 
by [H Proposition 2.4], into Equation ([6]) shows that is a biharmonic 



8 E. LOUBEAU AND Y.-L. OU* 

morphism if and only if 

(7) 

gij dTd£ = ^ 

dx % dxi 
(8) 
# 7 grad(A 2 ) +AV(0) = 0; 

(9) 

h al3 A(\ 2 ) + div {r p {(j>)d(j> a ) + div (r Q (0)rf/) - r a (0)r^(0) = A 2 rf/i a/3 (r(0)); 

(10) 

^e^M = °> 

for all a,/3 = 1, . . . ,n. 

Clearly Equations (0) and (jHj) mean that is horizontally weakly con- 
formal and 4-harmonic. 
On the other hand, Equation (jUJ) is equivalent to the vanishing of 

whose norm is easily shown to be 

\A\ 2 = n(AA 2 ) 2 + |r(0)| 4 - 2(AA 2 )|r(0)| 2 + 4(AA 2 ) div (d<f>, r(0)> 

+ 4 3^^^W)r"(^) + 2AV^)^(0)^V(0) 

dx i dxi a ^ dx k dx l dx { dxi a ^ dx k dx l 

since h a ^h aS h^ = h Sfl and h aS h^^- = —§jj£- 
But 



21 " '^^-^(^' + ^(#^)^" 



(#,t«>)}(V|t«>)| 2 ) = 2^-^—5 -ipft^V^W^W + AV(0)t"(<»^— r 



and the components of £ G O 2 X TA^, the symmetrization oi g(d<p, V <?i r(0)), 



arc 



s " - ^^ + ^n^H^^ + AV W) . 
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So its norm is 

\s\ 2 



2g 



■^drdr^<P) u u M d^dr»{<t>) , n ^d<f>«dTf{<f>) u u nkl drdr 5 {4>) 

f d, 

Q h a(3 dh 5» 



dx % dxi 



- — hashp^g 



dx k dx l 



+ 2g l 



-—-^-h aS h ,g kl 



dx k dx l 



+ 4AV^^??r^) + A 4 



Ksh^-^jT^T^). 



dx i dxi dyP dyP 

Hence (|9]) is equivalent to Equation (CQ). 

To obtain that Equation (TTUj) is biharmonicity, observe that 

~d 2 r a ((j)) dr^((f)) 



- (A*r(0)) a = g 
dT 



+ r 7 (0) 



0-y 



dx % dxi 



+ 



dxi QyH Q x % 






dxi dx^ ' 

5 



dr" 1 (6) deb? d 2 



foj /^foi 75 



<9x* eta;-? 
r , ^(0) 






0x*0a;J ^ 



^^^J^ + ^)^(«7 + AV (<^ld? + ^V(0)r^I> 



dx k 
dT 

QyV 

- : -^r QO (0) 



rV(0) 



t pa 



since is horizontally weakly conformal, g tJ a ^ dx j T a ° (0) == and we 

are working with harmonic coordinates. 

On the other hand, trace R N (d(fi, r(0))d0 = A 2 Ric r(0) and 



-A 2 Ric*T 






9T . 



5 
M/3 



r 7 (0). 



Thus 



r 



: (0) 



2 ^^pa^ a + ,.7(^^)1^ _ A 2 ^rv 7 (0)' 



Of course, Conditions (I7j)- ([TU1) are also sufficient. 



_d_ 
dy c 



0. 
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It is well-known that harmonic morphisms into 2-dimensional man- 
ifolds have an interesting link to the geometry of the fibres, which can 
be stated as: a horizontally conformal submersion (M m , g) — > (N 2 , h) 
is harmonic (hence a harmonic morphism) if and only if it has minimal 
fibres. The corresponding result for biharmonic morphisms is partially 
true. 

Corollary 1. A biharmonic morphism : (M m ,g) — ► (N 4 ,h) (m ^ 
A), with a A- dimensional target, always has minimal fibres. However 
there exist horizontally conformal submersions which are 4-harmonic, 
have minimal fibres but are not biharmonic morphisms. 
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Proof. By Theorem (TJ a biharmonic morphism is a 4-harmonic mor- 
phism. The first statement then follows from a result in [2] that a hor- 
izontally weakly conformal map (M m ,g) — ► (N n ,h) is a p-harmonic 
map (hence a p-harmonic morphism) with p = n = dim iV if and only 
if it has minimal fibres. 

It is well-known that the radial projection ip : M 5 \ {0} — ► S 4 , p(x) = 
x/\x\ is a horizontally homothetic submersion with totally geodesic fi- 
bres and hence a harmonic morphism (see [1] ) . It is also a p-harmonic 
morphism for any p and, in particular, a 4-harmonic morphism. How- 
ever, the radial projection ip : W m \ {0} — ► S m_1 , (p(x) = x/\x\ is a 
biharmonic morphism if and only if m — 4 ( [18] ) . □ 

Remark 5. 1) A straightforward computation shows that if is a 
biharmonic morphism then there exists a continuous function A on M 
such that 

t 2 (^jo(J)) = A 4 r 2 (^)o0, 

for any map if) (including functions). 

2) Taking the trace of Equation (jHJ) yields 

(11) nA(A 2 ) + 2div(#,r(0)) = |r(0)| 2 , 

hence by Stokes' Theorem, biharmonic morphisms on a compact man- 
ifold without boundary are exactly homothetic submersions with min- 
imal fibres. See [16] for similar results. 

Apart from harmonic morphisms with harmonic dilation, examples 
of biharmonic morphisms are hard to unearth. Conformal maps in 
dimension four have the double advantage of satisfying automatically 
two of the four conditions, namely horizontal weak conformality and 4- 
harmonicity. Once biharmonicity is secured, remains only Equation (pQ) 
to fulfil, though no geometric insight is yet at our disposal. 

Theorem 2. The inversion in the unit sphere 

: R n \ {0} -> R" 

x 

x i— > 



19 

xr 



is a biharmonic morphism if and only if n = 4. 
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Proof. By [3], the inversion in the unit sphere is a biharmonic map if 
and only if n = 4. Moreover the map 

: M 4 \ {0} -»• M 4 
x 

x H- 



I 1 9 



is clearly a conformal map of dilation A 2 = r 1 ™ between spaces of di- 
mension four, hence a 4-harmonic map ([H]) and r(0) = —4-A^. Using 
the standard coordinates {x a }a=i, 2,3,4 on M 4 , simple computations show 
that 

16 8 r 

|r(0)| 2 = — ; AA 2 = ^; (#, r(0)> = 4— ; div(#,r(0)> 



6. v*x . \wy^ . \T // I Ifi 

I I *^ I I *^ I 

As to the symmetric tensor S, we have 

5 Qa = - s (\ x \ 2 + 2(x a ) 2 ); S af3 = -M,x a x p , 

\x\° \l I V ' / ' I ..f I ^ 

for all a ^ (3 = 1, ... ,4, so |5*| 2 = L^ . Therefore satisfies Equa- 
tion (CQ) and is a biharmonic morphism. □ 

4. BlHARMONICITY AND CONFORMALITY 

Since biharmonic morphisms appear so rigid, we drop two of their 
characteristic conditions and only keep horizontal weak conformality 
and biharmonicity. In the light of the Fuglede-Ishihara theorem, such 
maps are the exact counterparts of harmonic morphisms. Moreover, 
the expression of the tension field of a horizontally weakly conformal 
map enlightens the relationship between minimality of the fibres and 
harmonicity of the map. Though the formula for the bitension field is 
far more intricate, we can apply it to some special cases to obtain new 
examples of biharmonic maps. 

We will denote by fi = ^_ £™7(V es e,) w and v = £ £r=i(V e ^) v , 
for an orthonormal frame {e^ e s }j = i ) ... )njS= i ) ... jm _ n , with ej horizontal 
and e s vertical, the mean curvatures of the vertical and horizontal dis- 
tributions, and A and B the second fundamental forms of the horizontal 
and vertical distributions: 

A E F = (V E nF H ) v B E F = (V E vF v ) n } E,F G T(TM). 
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Theorem 3. Let : (M m , g) — > (N n , h) (m ^ n ^ 2) be a horizontally 
weakly conformal map of dilation A between Riemannian manifolds, 
then 4> is biharmonic if and only if, at every regular point 

#(-AX) + A n (\n\)d(P(X) + (n- 2)z/(ln \)d<j>(X) + 2d0(V grad « lnA X) 
+ 2rf0(gradX(lnA)) -rf0(Vx(grad w lnA)) -2(div w X)rf0(gradlnA) 
+ X(ln X)d(j)(X) - d(j)(V x grad In A) + A 2 Ricci^ (#(X)) + (n - 1)#(V X ^) 
— (m — n)[fi(\n \)d(p(X) — (X, /i)c?0(gradln A)] — (m — n)d(fi(Vxn) + nd<f>(A x v) 
+ trace d0((VA)^ - (VA)X + 3A* VX + {V X B*)* - B vx + 2B Vx - 2A* Vx ) = 0, 

where X = (2 — n) grad In A — (m — n)/i 7 grad being the horizontal 
gradient. 

Proof. At a regular point, the tension field of a horizontally weakly 
conformal map : (M m ,g) — >• (iV n , /i), of dilation A, is r(0) = d<p(X), 
where X = (2 — n) grad In A — (m — n)/i. Recall that the mean cur- 
vature of the horizontal distribution is v = grad In A. Then, for an 
adapted orthonormal frame {e^, e s } i= i i ... in)S= i i ... im _ n , e^ G 7i and e s G V 
on (M m ,#) 

Vi t d(j)(X) = e i (\n\)d(f)(X) + X(\nX)d(f)(e i ) - (X, e;)#(gradrn A) + #(V e X), 



so 



VjVj#(X) = ei ( ei (lnA))#pO + ( ei (lnA)) 2 rf0(X) +e i (lnA)X(lnA)#(e i ) 

- e,(lnA)(X,e,)rf0(gradln A) + e^ln A)#(V e X) + e,(X(ln A))rf0(e,) 

+ X(lnA)Vj#(ei) - ei (X, ei )rf0(gradlnA) - (X, e^e^ln A)#(gradln A) 

- (X, ej)(grad In A) (In A)rf0(ej) + (X, e^) (grad In A, ej)<i0(gradln A) 

- (X, e,)rf0(V ei grad w In A) + e,(ln A)#(V e X) 

+ (V e X) w (lnA)rf0( ei ) - (e„ V e X)#(gradln A) + #(V £l (V e X) w ). 
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Summing on the index % 
(V£V£ - V^ J#(X) = e 4 (e,(lnA))^(X) + 2#(V grad * lnA X) 

+ d0(grad(X(lnA)))+X(lnA)(Vrf0)(e i ,e i )-d0(V x (grad H lnA)) 
+ (V ei X) w (lnA)rf0( ei ) -2( ei ,V ei X)d0(gradlnA) + #(V ei (V 6l X) w ) 

- (V ei e i ) n (\nX)d(j ) (X) + #(Vx(V ei ei) v ) - d^Vy^X). 
On the other hand, for the vertical bundle 
-Vtj^d^X) = -(V es e s ) w (lnA)d0(X) -X(lnA)d0(V es e s ) 

+ (X, V es e,)rf0(gradlnA) -rf0(V (Veses) HX) -#([(V es e s ) v ,X]), 
so 

(V£V£ - Vt ese J#(X) = #(V es V es X) - d0(V es Vxe s ) - #(V Ves xe s ) 
+ ^(V VxCs e s ) - (V es e s ) w (lnA)rf0(X) - X(ln A)d0(V es e s ) 
+ (X, V es e s )#(gradln A) - d<p(V Ves£ X) + d<p(V x (V es e s ) v ). 
Therefore 

- A(r(0)) = d<j)(-AX) - rf0(V ei (V e X) v ) + A w (lnA)d</>(X) + w(lnA)#(X) 

+ 2d0(V grad H lnA X) + d0(gradX(ln A)) - d0(V x (grad w ln A)) - 2(div w X)d0(gradln A) 
+ X(ln A)(r(0) + (m - n)d<P{^)) + (V e X) w (ln \)d<f>{ei) + nd<f>(V ' x v) 
-{m-n) [//(In A)#(X) + X(ln A)#(//) - (X, //)#(grad In A)] 

- rf0(V es Vxe s ) - d(f)(y Ves xe s ) + d(f)(V Vxes e a ) + #(Vj(V es e s ) v ). 
But 

(V e X) w (lnA)rf0( ei ) = rf0(gradX(ln A)) - d0(V x gradln A) 

-((V e X) v ,grad v lnA)#(e,). 

However (cf. [I, Proposition 2.5.17]) 

-((V e X) v ,grad v lnA)^( ej ) = -(±(V e X) v ,grad v lnA>d0( ej ) 

+ (|(V x e i ) v ,grad v lnA)t/0(e i ) - | grad v In A| 2 t/0(X) 

since (C v g)(X,Y) = -g(V x Y + VyX, V) = -d(\n\ 2 )(V)g(X } Y). 
Hence 

- ((V e X) v ,grad v lnA)d0( ei ) = -d0( V x grad v In A) - 2| grad v ln X\ 2 d(f)(X). 
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Therefore 

(V ei X) n (\n\)d(f)(e i ) = #(gradX(lnA)) - #(V x gradlnA) - d<j){V x p) 

-2\v\ 2 d(j)(X) 

and 

- A(r(0)) = d<f>(-AX) - #(V ei (V ei X) v ) + A w (ln A)#(X) 
+ (n- 2)z/(lnA)#(X) + 2#(V grad « lnA X) + 2rf0(gradX(ln A)) 

- d0(V x (grad w In A)) - 2(div w X)d0(grad In A) + X(ln A)r(0) - d0( V x grad In A) 
+ (n - l)d</>(Vx^) - (m - n) [/^(ln \)d<p(X) - (X, /i)d0(grad In A)] 

- rf0(V es V x e s ) - d(f)(y Ves xe s ) + #(V v ,e s e s ) + d0(Vx(V 6s e s ) v ). 

Lemma 1. Let A and B be the second fundamental forms of the hori- 
zontal and vertical distributions. Then 

#(trace h V(VX) V ) = d0(trace(VA)X); 

d(f)(-V ' es V x e s - V\7 esX e s + V Vx e s e s + Vj(V es e s ) v ) = -(m - n)d(j)(Vx^) 
+ trace d0((VA)^ + 3A^ X + (V x 5*)* - 5 VX - 2A^ x + 2£ V J + nd<J)(A x v). 

Proof. Consider an adapted orthonormal frame {e,, e s }j=i v .. )rM= i v .. im _ n , 
Ci (z7i and e s G V. First observe that 

#((V ei A) e ,X) = #(V ei (V ei X) v ), 

and (V es A) eg X is vertical. 

For the second equality, we have 

(-V 6a V x e s - V Ves xe s + V Vx e s e s + VxV Cs e s , e 5 ) 

= ((V es A) x e i; e s ) + (A VesXej ,e s ) + ((V x B*) ea e j ,e s ) + (-By^e^ e s ) 

+ 2(V[ esj x]ej,e s ) 

(confer @J Th. 11.2.1 hi)].) 
Moreover 

{V [es ,x]e j} e s ) = (e j: Ay x e s - Ay xes e s - B VesX e s + % 6s e s ). 
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To conclude, observe that 

((Ve^)*^, ej> = -n{ej,A* x v); 

A-v H x e i = A^ xe .ei = 0; 
((V x B*)* e .ei, e 5 ) = B Ve , x ei = B Vxe . ei = 0. 

□ 

Note that for a horizontally weakly conformal map, the curvature 
term of the bitension field becomes 

-\ 2 Bicci N {d<j){X)). 

This completes the proof. □ 

Three special cases are interesting enough to be stated separately. 

Corollary 2. i) A conformal map <fi : (M m ,g) — > (N n ,h) of confor- 
mal factor X, between manifolds of equal dimensions (m = n > 2), is 
biharmonic if and only if 

— o?0(A(gradln A)) — A(ln A)d0(gradln A) + 2<i0(grad | gradln A| 2 ) 

(12) 

+ (2-n)|gradlnA| 2 d0(gradhiA) + A 2 Ricci Ar (c?0(gradln A)) = 0. 

ii) A horizontally conformal map <fi : (M m , g) — ► (iV 2 , h) of dilation X, 
into a surface (m > n = 2), is biharmonic if and only if 

d(j)(-Afi) + A w (ln A)#(//) + 2#(V grad « lnA) u) + 2rf0(grad ; u(ln A)) 

- d0(V^(grad w In A)) - 2(div w /i)d0(gradln A) 

+ (m - 2) |/i| 2 d0(grad In A) - #(V M grad In A) + A 2 Ricci iv (rf0( ) u)) 
+ d<p(V^) + (2 - m)#(V My u) - 2(ra - 2)^(lnA)#0u) 
+ trace #((VA)* - (VA)/i + 3A^ + (V M 5*)* + 25 Vm - 5 Vm - 2A^) 
+ 2d<p(A* fl v) = 0. 

Hi) A homothetic submersion : (M m ,g) — ► (N n ,h) (m > n), i.e. A 
zs constant, is biharmonic if and only if 

#(A/x) - A 2 Ricci JV (rf0(/i)) + (m - n)d(f)(V M /i) 

- (trace #((VA); - (VA)/i + 3A^ + (V M 5*)* + 25 Vm - 5 Vm - 2A^ )) = 0. 
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Remark 6. i) The case m = n = 2 is trivial since any conformal map 
between surfaces is harmonic, hence biharmonic. 
ii) When <\> : (M m ,g) -> (N m ,h) is the identity and h = e 2p g, Equa- 
tion (fT2l) becomes Equation (3.1) of [5]: 

= trace 5 V 2 gradp + (— 2Ap + (2 — m)\ gradp| 2 ) gradp 
+ ^jpgrad(| gradp| 2 ) + Ricci 9 (gradp). 

The first case of Corollary [2] is the most prolific and the following 
examples indicate that not only horizontally weakly conformal bihar- 
monic maps are easier to come by than biharmonic morphisms, but also 
that, even for this situation, dimension four emerges as remarkable. 

Proposition 1. The inverse stereographic projection a^ 1 from (W 1 , ds 2 ) 

into (§ n \ {N},oLs 2 ) ; where N is the north pole and ds 2 the Euclidean 

metric, is a biharmonic map if and only if n = 4. 

Similarly, the identity map from (M n ,ds 2 ) into (B", (1 _^ |2)2 (ig 2 ), where 

M n is the open unit ball ofW 1 , is a biharmonic map if and only ifn = 4. 

Furthermore, in either case, the biharmonic map is not a biharmonic 

morphism. 

Proof. For the first case, the map is given by cr^^x) = 1+ L , 2 (1 — 
\x\ 2 , 2x) and is isometric to the identity map from the Euclidean space 
(]R n , ds 2 ) into (M n , , 1+ t, 2 )2 ds 2 ). We can treat both examples at once, 
by considering the identity map on M. n or B n , from the Euclidean 
metric ds 2 into the conformal metric i 1+ A x \^ ds 2 (e = 1 for the sphere 
and e = — 1 for the ball). 
The map (ft is clearly conformal of dilation A = 1 2 x , 2 , so 

gradln A = — -. , 2 f , 2 rg; I gradln Al 2 = ,-, , , l2 \i ', 
grad|gradlnA| 2 = ^"ff^ i AlnA = - (1+ 2 ^ |2)2 (n + (n - 2)e\x\ 2 ); 
(trace V 2 ) (gradln A) = (1+e ^ 2) 3 (n + 2 + (n - 2)e|x| 2 )x, 
and Equation ( TT2l) becomes 

so both maps, into the sphere or the Poincare model, are biharmonic 
if and only if n — 4. 
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To know whether is also a biharmonic morphism we only need to 
check Equation (jSJ), whose constituents are 



r(0) = 


4e r- MrhM 2 - 4 - 16 Irl 2 - 




l+elxp^j P Wl (l+e|z| 2 ) 4 l x l ' 




AA 2 = 


7JT ^ ]¥ (4-2e|a;| 2 ); div<#, r(</>)} = 


(l+e|x| 2 ) 4 ( 4 2C X 


V|r(0)| 2 = 


^Sgg 2 ^; (#,r(0))(V|r(0)| 2 ) = 


8.16 2 (l-3e|x| 2 ) 1 |2 
(l+e|x| 2 )8 l X l ' 



|r(0)| 4 - 2AA 2 |r(0)| 2 + 4AA 2 div (d<j>, r(0)} + 4(AA 2 ) 2 + 2(#, r(0))(V|r(0)|< 
- 163 | r | 2 ri + 9f - Vlrl 2 ! 

so (j) cannot be a biharmonic morphism. □ 

Proposition 2. The identity map from (M n ,ds 2 ) to (M n ,h), where M n 
is the unit ball in M. n , ds 2 its Euclidean metric and h x = (i_t.\2)2 ds 2 
gives the hyperbolic space, is a biharmonic map if and only if n = 4. 
Furthermore, in either case, the biharmonic map is not a biharmonic 
morphism. 



Proof. Call the identity from (B n , ds 2 ) to (B n , h). Clearly h = e 2p ds 
for p = In 1 _ui2 and 

Vp = j^x; |V P | 2 - -^ 



2 



V| Vp| 2 = S.i^La;; Ap = ^gpyrKl - |x| 2 ) + 2|x| 2 ); 
trace 9 V 2 Vp = jf^s{n + 2 - (n - 2)|x| 2 ). 

So Equation (Tl2l becomes 

7x4^(4 -n)(l + |x| 2 ) = 

and is biharmonic only in dimension four. 

However, in dimension four, the Laplacian of its conformal factor A 2 

(i-N 2 ) 2 1S 

AA2 =(T3iw( 4 + 2 l x l 2 ) 

and 

r(0) = -2gradp = ifjjpa; and |r(»| 2 = (1 6 _ 4 | l ^ | l 2) 4 . 
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On the other hand: 

(d(f), t(4>)) = {1 -$2 )3 x and div(d<j), t(4>)) = (1 _-jff 2)4 (4 + 2|x| 2 ). 
Therefore 

4AA 2 + 2div(#,r(0)> = IT _g_(4 + 2|x| 2 ) + |r(0)| 2 , 
so is not a biharmonic morphism. □ 

Proposition 3. The identity map from (]R",<is 2 ) to HP = (WL,h = 
, x i )2 ds 2 ) from the upper-half Euclidean space to the hyperbolic space 
is biharmonic if and only if n = 4. Furthermore, in either case, the 
biharmonic map is not a biharmonic morphism. 

Proof. Call <p the identity map from (IR™ , ds 2 ) to HP. Since h = e 2p for 
p = — In x n and 

gradp = -^g| r ; |gradp| 2 = ^; 

gradlgradpl^-^gjr; Ap = ^, 

and Equation (fi~2l becomes 

On the other hand, in dimension four, its dilation is A 2 = t^w and 



r(0) = -2gradp= ^^_, 



so 



W)^^; AA 



(z 4 ) 4 ' "^ ~~ (a; 4 ) 4 ' 

(#, r(<f>)) = (Jys afi ; div(#, r(0)) = -^Sp, 

so 

4AA 2 + 2div(d0,r(0)> = -^ ± |r(0)| 2 

and (j) is not a biharmonic morphism. □ 

Not all conformal maps in dimension four are biharmonic. 

Example 1.1) Consider the identity map from (H 4 , g) = (M+, -r^ds 2 ) 
to (M+, ds 2 ). Then <is 2 = e 2p g for p = In a; 4 and, using the orthonormal 
basis {ei = x i -^j}i = i^,,, y i ) we have 

grad 9 p = e 4 ; | grad 9 p| 2 = 1; grad 9 | grad 9 p| 2 = 0; 

A 9 p = —3; trace g V 2 grad p = — 3e4; Ricci(grad 9 p) = — 3e4, 
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since g = e 2a ds 2 for a = — In x 4 and 

Vf 1 e 4 = -ei; V 9 2 e 4 = -e 2 ; Vf 3 e 4 = -e 3 ; Vf 4 e 4 = 0; 
Vf iei = Vf 2 e 2 = Vf 3 e3 = e 4 . 

Testing Equation ffT2|) . we have — 2e 4 7^ 0, so <fi is not biharmonic. 
Moreover, from simple considerations 

r(0) = -2e 4 ; A 2 = (x 4 ) 2 ; AA 2 = -2(x 4 ) 2 ; 
(d(f),T (</>)) = — 2e 4 ; div(c?0, r(0)) = 6, 

so 4AA 2 + 2div(d0,r(0)) 7^ |r(»| 2 and does not satisfy (ED). 

2) Let be the identity map from (W 1 , g = (1+£ 4 x|2)2 cfe 2 ) to (M n , ds 2 ) 
(e = ±1). It is clearly conformal of dilation A 2 = - — * and g = 
e 2p ds 2 for p = In 2 — ln(l+e|x| 2 ). Then e^ = 2 ^ * s an orthonormal 
basis for g and 



^ 



Vf.e_,- = V^ e^ + ei(p)ej + ej{p)ei - (en, ej) gradp - -ex 3 ' Ci + 5ijeX 
where X = 'Yl^i^eu- Therefore 

grad'ln A = ^^^(mA)^ = eX; 

|grad 9 lnA| 2 = .,* < 1+ f ^ \x\ 2 = \x\ 2 ; 



(l+e|*r) 

12 = ( 

Since A^lnA = £- = i e *( e *( m A )) ~ (Vf^XhiA) and 



grad 9 |grad 9 lnA| 2 = i±±^d(\ x \ 2 )JL = (1 + e|:r| 2 )X. 



£v*e, = (n-l)e*; X(lnA) = e|x| 2 ; ^(V^e 4 )(ln A) = (n - l)|x| 



|2. 
i=l i=l 

ei (lnA) = ex l ; e^e^ln A)) = e±±^ 



2 ' 



ri+(2— n)e|x| 2 



we have A 9 In A = e 



On the other hand 

n 

A grad 9 In A = - ^ Vf t Vf . (grad 9 In A) - V 9 ^ ei (grad 9 In A), 



i=l 
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and 



E V' vf . e ,(grad'lnA) = -V* n _ 1)eX (eX) = -(„ - 1)±±^X; 



i=l 

V^(grad 9 lnA) = e(^^e l + ex l X); 
V 9 e .V 9 ei (gmd 9 \n A) = -±±f^x^ + (1 + t{x l ) 2 )X; 

2n-l+e\x\ 2 



EV2,V*(grad'lBA) = 25^l*£x, 



so 



-Agrad 3 lnA = "+( 2 -")e|*I 2 x 



Equation (TT2I) becomes 

(2 + (4-n)e|x| 2 )X = 0, 
which is impossible, whatever the value of n. 

Example 2. Let (M 2 , h) be a Riemannian surface of Gaussian curva- 
ture G h , p : M 2 x R ->• R* and A : M -> R* two positive functions. 
Consider the doubly twisted product (R x M 2 ,g = (3 2 dt 2 + A~ 2 /i). 
Then, the projection 

<j> : (R x M 2 , = /3 2 d£ 2 + A~ 2 /i) -»• (M 2 , /i) 

(t,x) I— >• x 

is a biharmonic map if and only if 

(13) 

= -A 4 grad h (A ft ln/3) -2A 4 G h ,grad /i ln/?+ |V A (A 2 |grad ft ln/?| 2 )V 

- A 4 | grad h ln/?| 2 grad h In/? - VyVy[A 2 grad ft In/?] - ^ grad h | grad h \n/3\ 2 h 
-AV(\/(lnA)grad,ln/3-2\/(lnA)[V y (A 2 grad,ln/5)-A 2 |grad h ln/3| 2 y]. 

In particular, for /3 = C2 e^ * ^ dx ' with 

= -cd-t-^-) 

and ci , C2 G R* , we have a family of Riemannian submersions 
: (R 2 x R, rfx 2 + dy 2 + (3 2 (x)dz 2 ) -► (R 2 , rfx 2 + dy 2 ) 

<t>(x,y,z) = (x,y) 
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which are proper biharmonic maps. 

In fact, it is easily checked that is a horizontally conformal sub- 
mersion of dilation A 2 . 

Let V be the unit vertical vector 4j|, using the Koszul formula one 
can show that for vector fields E and FonRx M 2 

A E F = g{E n ,F n )V (In A)V. 

On the other hand, if W is a vertical vector field, then 

B V W = -\ 2 gmd h (\n{3)(W, V). 

Note also that the mean curvature of the fibres is \i = V g v V = —A 2 grad h (ln/3) 
and the mean curvature of the horizontal distribution is v — V{\m A) V. 

Choosing a geodesic frame {ei, e<i\ around a point p G M 2 and evalu- 
ating all subsequent formulas at a point (p, t) G M 2 xR, straightforward 
computations show that (summing on repeated indices) 



[trace((VA); - (VA) M + 3A* Vfl + (V,B*)* + 25 Vm - B v » - 2A^) + 2A; 
= V(V(\n A))/i + 3(\/(ln A) 2 )/i - 3F(ln A)F(Ae i (ln /3))Ae, 
+ ii(g(Xe j: n))\ej + |/x| 2 /x. 

Since grad In A = 0, the only remaining terms are 

[V M /i] w = ^ grad fc (| grad fe In (3\ 2 h ); 
iV»v] n = -(V(\n\)) 2 fi; 
A n (\n\) = -2(V(\n\)) 2 ; 
[V„gradlnA] w = -(V(\n A)) 2 /i; 

[A//] w = A 4 e i (e l (e J ln/3)))e j - (\/(ln A)) 2 grad w ln/3 

- ^(lnA)y(Ae J (ln/3))Ae j + V (V (\ej (In f3)))\ej 



v 



n 



- A 4 1 grad,, In /3 1 \ grad h In /3 + \ grad fc ( | grad fc In (3 \ 



M 2 „ \-\H 



+ Ae fe (ln/3)A 2 [V Aei (V^ e k 
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So the projection is biharmonic if and only if (still summing on 
repeated indices) 

= -A 4 e J (e i (e i ln/3)))e J - V(V{\e 3 {\n{3)))^ -ySH I g^ln/?^ 
- A 4 G fc grad h ln/3 - X 2 V(V (In A) grad ft In (3 - 2V r (lnA)U(Ae i (ln/3))Ae i 
-Ae fc (ln/5)A 2 [V Aei (Vfe fc )] w . 

Using 

^(y(Ae i (ln^)))Ae J - = -§V(A 2 | grad h ln/3| 2 )U + A 4 | grad^ln/^grad^ln/? 

+ VyVy[A 2 grad ?i ln/?]; 

K(Ae,(ln/5))A ej = Vy(A 2 grad ft ln/5) - A 2 | grad ft \n(3\ 2 h V- 

grad h (A h \n (3) = e i e i e j (\iaP)e j - G h grad h In (3 

- (V ei V ei ei + V e2 V e2 ei,e 2 )e 2 (ln/3)ei - (V ei V ei e 2 + V e2 V e2 e 2 , e 1 )e 1 (\n(3)e 2 ] 
Ae fc (ln/?)A 2 [V Aei (Vfe fc )] w = -A 4 [e 1 (ln/5)MVfvfe 2 + Vfvfe 2 ,e 1 )e 2 

+ e 2 (ln/3)MVf Vf ei + Vf Vf e l5 e 2 ) ei ], 
we obtain the biharmonic equation (TT3l) for <fi. 

For the Riemannian submersion 

<p : (R 2 x R, ds 2 + rfy 2 + (3 2 {x)dz 2 ) -> (M 2 , dx 2 + rfy 2 ) 

<f>(x,y,z) = (x,y), 

Equation (fl3l) reduces to 

ff + f" = 0, 

where / = ln/3. Solving this equation, we obtain the last statement in 
the example. 
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